In this report, closed form expressions are derived for various statistical functions tha arise in optical propagatlon tnrough arbitrary optical systems that can be characterized by complex ABCD matrix in distributed random inhomogeneities along the optical path Specifically, within the second-order Rytov approximation, explicit general expressins ntr presented for the mutual coherence function, the log-amplitude and phase correlatio function, and the mean square irradiance that is obtained in propagation through an arbitrar paraxial ABCD optical system containing Gaussian-shaped limiting apertures. Additionally, w consider the performance of adaptive-optics systems through arbitrary real paraxial ABC optical systems and derive an expression for the mean irradiance of an adaptive-optics lase transmitter through such systems. Thus, the major thrust of this report is to consider propagation through a rand-m medium in a general complex ABCD paraxial optical system. Explicit ar'-)r-wvp tor te "sutirg "curio-uroer sLaListic.i moments of the complex optical field.
In particular, we derive a general expression for the mean irradiance of a point source, the mutual coherence function, the log-amplitude, the phase and wave structure function, and the variance of irradiance for weak scintillation conditions. In Section 2, we ui.cuss some general features of the scattered field through terms of second order in the fluctuating part of the index of refraotion. In Section 3, we discuss th'
propagation of a point source and obtain an explicit expression for the mean irradiance of a point source propagating through a complex ABCD system. In Section 4, we present explicit results for various second-order moments of the complex field. In Section 5, we present some specific results for the mean square irradiance of a spherical wave for the Kolmogorov spectrum. We also
give explicit results for the conjugate image plane and Fourier transform plane propagation geometries. Finally, in Section 6, we consider adaptive optics through real ABCD systems and derive an expression for the mean irradiance of an adaptive-optics laser transmitter through such systems.
The analysis in this report and in Ref.
2 applies primarily to optical systems that contain apertures of Gaussian-shaped variations in amplitude transmission across the optic axis. However, the analysis also applies, at least as a first approximation, to any transversely varying system whose transmission has a quadratic variation to first order near the optic axis. 1 Thus, any "soft" aperture whose transmission varies with transverse coordinate, at least near the axis, in the approximate form
where T o is the on-axis transmission and the coefficient a 2 is given by
can be approximated to first order by a Gaussian aperture and thus by a complex ABCD matrix. As a result, the complex paraxial analysis is a good approximation as long as the resulting beam wave remains sufficiently close to the axis so that la 2 x 2/21 << 1 across the main portion of the beam.
4
EhLai in ccntrast to propagation through real ABCD systems, the statistical moments of the field that result after propagating through a complex ABCD system are not spatially homogeneous. That is, the statistical moments depend explicitly on the variables of interest rather than on the corresponding difference variables. This dependence occurs bpeause the introduction of finite limiting apertures destroys the spatial symmetry of the field of a point source. For example, after propagating through a complex ABCD system, the mean irradiance distribution of a point source is no longer uniformly distributed over a sphere; rather, it is limited in space (i.e., it becomes a beam wave). As a result, all statistical moments of the complex field are, in general, explicit functions of absolute position variables rather than of corresponding difference variables.
In this report, we consider the case where the intervening space between optical elements is nearly that of free space with a refractive index given by n 1 1 + n I . We assume the random quantity n I to have zero mean and a root mean square value much less than unity. The present analysis is thus restricted to a weakly inhomogeneous medium with an electrical conductivity equal to zero and a magnetic permeability equal to one. We further assume that the characteristic scale length of the inhomogeneities is much greater than the optical wave length and that the characteristics of the medium do not change appreciably during a period of oscillation of the electromagnetic field. For example, at near IR and optical wavelengths, thi3 condition is satisfied in the atmosphere. Additionally, we consider the propagation of scalar monochromatic fields and omit the explicit time dependence in the formulation presented below.
Finally, for simplicity in notation, we consider cylindrically symmetric optical systems, because the extension to orthogonal systems is straightforward. In cylindrically symmetric optical systems, the ray transfer matrix M is a 2 -2 matrix given by
where A, B, C, and D are complex numbers. For the case considered here, where the input and output planes are in free space
GENERAL CONSIDERATIONS FOR THE SCAfTERED FIELD
In the intervening space between the optical elements, the scalar wave equation is
where U is a typical component of the field, k is the optical wave number, and
where <n 1 > : 0 and jnmj <(1. We indicate the statistical average by angular brackets and the spatial coordinate ir = (r.z), where z is assumed to be along the optical axis and r is a two-dimensional vector transverse to the optical axis. As indicated in Fig. 1 , we assume, without loss of generality, that the input plane is located at z = 0 and the output plane is at the plane z L.
We employ the Rytov transformation, 3 In this report, we include terms through second order in £ I . The second- Now U o = exp yG is the field in the absence of the inhomogeneities and is given in the paraxial approximation by
where U i is the field in the initial plane and A, B, and D are the ray matrix elements of the overall system between the input and output planes. The quantity L appearing on the right-hand side of Eq. (2.4) is the optical path length of a ray traveling along the optic axis. Because of the approximati ns used, we assume that this quantity is equal to the total propagation distance between the input and output planes.
To within an arbitrary constant, the general solution for o is given by
where U I is the first-order Born approximation
where
The integration in Eq. (2.6) extends over the region of space where n 1 (i) is different from zero, and G(', 1 ) is the appropriate Green function in the absence of the inhomogeneities.
For direct propagation between transverse planes located at z. and z 2 , S the Green function, in the paraxial approximation, is given by
In the presence of a complex paraxial ABCD system, this Green function is now given by
where we have employed the notation Az,,z2 to represent the A-matrix element for propagation between zand 2 and similarly for the quantities Bz and fr p aZ2
The second-order Rytov approximation is given by
where is the first-order Rytov approximation. The quantity U 2 , the secondorder Born approximation, is given by For example, the average field <U= U. exp(<, 2 >), the mutual coherence function, is given by 
Re(F 2 + F 3 (2.14) and Re denotes the real part.
To obtain the field in the output plane from an arbitrary field U i in the input plane (e.g., via a Huygens-Fresnel integral), it is sufficient to calculate the quantities F 1 , F 2 , and F 3 for the special case where the sources of the fields are point sources. To calculate these quantities, we denote, by 0i 1 (p,L) and 02 (p,), the first-and second-order Rytov approximation to the optical field at (p,L) due to a point source located at (r,O), respectively.
The calculation of the statistical quantities FI, F2, and F 3 is given in the Appendix, with the results that
where 0 n(K;z) is the three-dimensional spectrum of the index of refractive fluctuations at propagation distance z evaluated at K. = 0. The quantities B 02 , BzL, and B -BOL are the P-matrix elements for propagation through the system from 0 to z, z to L, and 0 co L, respectively
Boz BzL
, where Im denotes the imaginary part, and
and
In general, Boz and BzL (and hence 8 ) depend on z, depending on the optical system under consideration. Through these quantities, the optical system affects the second-order statistical moments of point sources. For the important case of an isotropic power spectrum (e.g., the Kolmogorov spectrum), d2 X , 2KdK and
where Jo is the zero-order Bessel function of the first kind and V is the (complex) vector within the braces in Eqs. (2.16) and (2.17).
In the rest of this report, we will be dealing with spatially isotropic power spectra. 
MEAN FIELD AND IRRADIANCE OF A POINT SOURCE
Consider a point source located at the origin of coordinates, which radiates a total power W. To within a multiplicative phase factor, we can show from Eq. (2.4) that the field in the observation plane in the absence of the inhomogeneities is given by 1,2 i~21
2B "
from which it follows that the irradiance 10 = IU012 is given by
4,IBI
For real ABCD systems, I a W/4mB 2 , which, for line-of-sight propagation,
Examination of Eq. The squart, of the l/e 2 beam radius is a sum of two terms: the first term, on the right-hand side of Eq. (3.6), is a geometric magnification; the second term gives the diffraction effects of the finite lens.
When inhomogeneities are present, the mean field is given by ,,U(
If g = ln(y) is a random variable through terms of second order in the fluctuations with mean <g>40 and mean square <g 2 >, then correct through terms 2 of the order of 2
This result may be used to obtain the average of the right-hand side of Eq. where U o is given by Eq. (3.1) and <o2 > is given by Eq. (2.15). Apart from the U o term, the average field of a point source is identical to that obtained for line-of-sight propagation through the random medium.
The mean irradiance of a point source is obtained as
<I( =)> = (JU( )j 2> (3.10)
If we substitute U(p) = Uo(2) exp[4 1 (p) + *2(p)] into Eq. (3.10) and apply Eq.
(3.8) to obtain the average, the result is For small values of p, one can readily obtain a power series expansion of 
0
For the propagation geometry illustrated in Fig. 2 , with C 2 1 0 between the 2n point source and the lens only, and 7' >, k a we readily obtain
where 
GENERALIZED SECOND-ORDER MOMENTS
In this section, we present general expressions for various second-order statistical moments that arise in propagation through complex ABCD systems in a random medium.
CORRELATION FUNCTIONS
We have
where X(p,E) is the log-amplitude and S(2, E ) is the phase at a point 2 in the output plane resulting from a point source at r in the input plane. For simplicity in notation, we omit subscripts on both X and S. We can then show where BX is the log-amplitude, BS is the phase, and B is the phase logamplitude correlation funQLions.
Except for adaptive optics, discussed in Section 6, the general two-point and
The variance of log-amplitude, phase, and phase log-amplitude is obtained from
Eqs. (4.5) and (4.6) by setting 1 = 22" We find
MUTUAL COHERENCE FUNCTION
The mutual coherence function (MCF) is defined as
We omit the deterministic contribution, U 0 (21) U 0 (P2), to the MCF. This contribution can be obtained directly from Eq. (3.1). We now have Thus, the normalized variance o2 is independent of such effects and reflects the focusing/defocusing properties of the random inhomogeneities only along the optical path.
For example, consider a point source located at distance z, to the left of a lens of real focal length f and Gaussian radius a. We will determine the on-axis irradiance variance at a distance z 2 to the right of the lens. We will assume that the intervening space between the lens and point source is filled with a turbulent medium, which is characterized by the Kolmogorov spectrum.
For p = 0 and the Kolmogorov spectrum [Eq. (4.10)], we obtain 2L 2K-8/32 In Fig. 3 , we present a plot of <X 2>a/<X2 > as a function of a. Thus, no aperture averaging effects are to be expected.
FOURIER TRANSFORM PLANE VARIANCE OF IRRADIANCE
For arbitrary values of a ko 2/2f, Eq. (5.6) has been integrated numerically. The results are plotted in Fig. 3 . These results indicate mild ( aperture averaging for a < I.
ADAPTIVE OPTICS AND ABCD SYSTEMS
In this section, we present some results concerning the performance of adaptive-optics systems in an ABCD paraxial optical system between the input and output planes. For simplicity, we consider real ABCD systems, although the methods outlined here can be used directly to obtain the corresponding results for complex ABCD systems. To successfully implement adaptive-optics correction to either a laser transmitter system or to an imaging system, accurate measurements must be made of the phase errors associated with the appropriate propagation path. 7 Then, according to the principle of reciprocity, if the appropriate correction (i.e., the negative of the measured errors) is applied, the performance of the system will improve significantly. We consider conventional phase-conjugate adaptive-optics systems, where a beacon signal provides an estimate of the desired phase information. We assume that the beacon signal is a spherical wave that originates from some point in the output plane. Sometimes, the beacon location originates at the object of interest (i.e., the aim point of a laser transmitter or the object of the imaging system), and significant adaptiveoptics improvement can be expected. Conversely, for some applications, the object of interest is moving relatively Last. Therefore, if light emitted from the object is used as a beacon, the adaptive-optics improvement is limited, because the beacon signal will propagate through a portion of the atmosphere different from that where adaptive-optics correction is desired. 7 These and other effects result in the various anisoplanatic degradation discussed in the literature. 7 , 8 To be specific, we consider an adaptive-optics laser transmitter and seek to determine the resulting mean irradiance obtained at some point PI in the output plane, where the beacon phase information originates from a point source located at some other point 22 in the output plane. For real ABCD systems, the mean irradiance at p, is given by is the "corrected" turbulence-induced wave function. In Eq. (6.4)
is, through terms of second order in the fluctuations, the Rytov approximation to the field at r in the input plane resulting from a point source at 21 in the output plane, and SB(r,2 2 ) is the phase of the beacon field at r resulting from a point source located at 22 in the output plane. The laser and beacon are assumed to have the same wavelength. Note that in phase-conjugation adaptive-optics imaging systems, part of the optical transfer function imposed on the system resulting from the random medium is also given by r cFor a given input wave function U i and ABCD system, the deterministic quantity K, given by Eq. (6.2), can be obtained in a straightforward manner.
In the remainder of this section, we concentrate on evaluating the statistical quantity r c, the "corrected" mutual coherence function. If we assume that the beacon phase is a zero-mean random variable, application of Eq. conditions where the interaction between atmospheric turbulence and thermal blooming is important), the inclusion of this term is necessary to obtain a self-consistent analysis.
As an example, we consider the Kolmogorov spectrum in the inertial 
is the correlation function of the fluctuations of the dielectric function
[note that Bn = <n(r )n(r 2 )> 4B I and
Next, we expand B in terms of its two-dimensional Fourier transform
The quantity F (K,Az) is non-zero only for azAI S scale length of the inhomogeneities. We assume that the largest scale length is much smaller than any propagation distance of interest (i.e., the smallest distance between opti7al elements). Consider the integration over z 2 . We only get a non-zero contribution to this integral for Izl -z 2 1 -0. where 6(r) is the two-dimensional delta function. To obtain this limit, we assume that k has a small imaginary part, i.e., the wave propagates in a slightly absorbing medium. Substituting Eqs. (A-4) and (A-5) into Eq. (A-2) and noting that the z-dependence of the exponential factor is slowly varying with respect to that of FC1 we obtain 
where n(K) is the three-dimensional spectral density of the index of refraction fluctuations evaluated at K_ = 0.
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